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 Abstract - This paper derives some new conditions for the 
bivariate characteristic polynomial of an uncertain matrix to be 
very strict Hurwitz. The uncertainties are assumed of the 
structured and unstructured type. By using the two-dimensional 
(2-D) inverse Laplace transform, the bounds on the uncertainties 
are derived which will ensure that the bivariate characteristic 
polynomial to be very strict Hurwitz. Two numerical examples 
are given to illustrate the results. 
 
 Index Terms –Two-Dimensional Systems, Very Strict Hurwitz, 
Uncertain Polynomials 
 
 
NOTATION 
 
ℜn    Real vector space of dimension n 
In    Identity matrix of order n 
)det(A   Determinant of matrix A 
ρ( )A    Spectral radius of matrix A 
)Re(s    Real part of s  
| |A    Modulus matrix of A 
|| ||A    Matrix norm of  A,  
iD  }{    } || ,0)Re(  |{ ∞∪∞<≥= iiii sssD  
2D  21
2 DDD ×= . 
 
 
I.  INTRODUCTION 
  
The stability analysis of both continuous and discrete 2-D 
systems has received considerable attention in the literature. 
Different methods are available for checking the stability of 2-
D discrete ([1]-[6]) systems. With regard to the stability of 2-D 
continuous systems, it is required to test whether the 2-D 
characteristic polynomial of a matrix is Hurwitzian. Some 
stability tests have been reported in [7]-[10]. Often we need to 
know how robust the system is in terms of stability under 
uncertainties. Such uncertainties may be due to variation in the 
system parameters, the effects of nonlinearities, and the 
presence of unmodeled dynamics etc. It is therefore desirable 
to derive stability bounds on the perturbations that will not 
cause system instability. The robust stability of 2-D uncertain 
discrete systems has been studied based on the 2-D Lyapunov 
equation approach ([11]-[13]) and the concept of stability radii 
[12]. In [14]-[15] robust stability conditions and lower bounds 
for stability margin were derived based on the Maclaurin series 
expansion. 
 
In this paper, by using the 2-D inverse Laplace transform, 
conditions for the bivariate characteristic polynomial of an 
uncertain matrix to be very strict Hurwitz are derived. In 
section 2, a 2-D continuous state-space model is introduced 
and a previous condition for the bivariate characteristic 
polynomial to be very strict Hurwitz polynomial (VSHP) is 
presented. Section 3 presents the main results. Section 4 
presents two numerical examples and section 5 concludes the 
paper. 
 
II.  PRELIMINARIES 
 
The bivariate characteristic polynomial ( )21 , ssC  of a 2-D 
continuous Rosser model [10] represented by the system 
matrix A , where: 
 
A
A A
A A=






11 12
21 22
              (1) 
 
can be written as: 
 
( ) =21 , ssC 





−−
−−
22221
12111det
AIsA
AAIs
m
n
              (2) 
 
with sub-matrices A k lkl ( , , )= 1 2  of appropriate 
dimensions. 
In the stability analysis of 2-D continuous system (1) 
([7]-[10]), it is required that the bivariate characteristic 
polynomial of matrix A  does not have any zeros in the closed 
right half of the biplane including infinite distant points, i.e.: 
 
( ) =21 , ssC 0det
22221
12111 ≠





−−
−−
AIsA
AAIs
m
n
 for 
( ) 221 , Dss ∈               (3) 
 
The bivariate characteristic polynomial, ( ),, 21 ssC  that 
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satisfies condition (3) is said to be VSHP. Condition (3) can 
be tested in the frequency domain ([7]-[9]) or by searching for 
the existence of a positive definite solution to the 2-D 
continuous Lyapunov equation [10]. 
In this paper, we consider 2-D uncertain continuous 
systems characterised by *A , where the system matrix *A  is 
given by: 
 






Δ+Δ+
Δ+Δ+
=
22222121
12121111*
AAAA
AAAA
A               (4) 
 
with perturbation matrices )2,1,( =Δ jiAij  in (4) are 
assumed to be of the following two types: 
(i) Independently structured with each element of matrix 
ijAΔ  is less than or equal to the corresponding element of 
ijqE , i.e.: 
 
|| ijAΔ  ≤  ijqE  (i,j=1,2) or || AΔ  ≤  qE               (5) 
 
where q  is a positive constant number, 






ΔΔ
ΔΔ
=Δ
2221
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A , 





=
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1211
EE
EE
E  and ijE  are 
non-negative matrices representing highly structured 
information for perturbations on the entries of ;ijA  and 
 
(ii) Unstructured with: 
 
|||| AΔ ≤ α               (6) 
 
where α  is a positive constant number. 
According to [7]-[10], the following bivariate characteristic 
polynomial: 
( ) =21, ssC [ ]AssF Δ−),(det 21             (7a) 
 
where: 
 
=),( 21 ssF 
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


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            (7b) 
 
is VSHP provided that the following condition is satisfied: 
( ) 0, 21 ≠ssC  for ( ) 221 , Dss ∈               (8) 
 
In this paper, we derive some bounds on the 
perturbations, ,AΔ  which will ensure that the polynomial 
( )21 , ssC  is VSHP. The bounds are derived by using the 2-D 
inverse Laplace transform. 
 
 
III.  MAIN RESULTS 
 
First, let us introduce the following Lemmas which will be 
used to derive the main results. 
 
Lemma 1 [16]: For any matrix ,nnM ×ℜ∈  the following 
statement is true: 
 
( ){ } 1 <Mρ   implies ( ){ } 0det ≠− MI n               (9) 
 
Lemma 2: Let: 
 
=),( 21 ssH
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and assume that ),( 21 ssH  is bounded-input-bounded-output 
(BIBO) stable, then: 
 
 
∞ ∞
≤≤
0
21
0
2121      |),(|      |),(| SdtdttthssH  for 
( ) 221 , Dss ∈             (11) 
 
where in (11) ),( 21 tth  is the impulse response of 
),( 21 ssH , and can be obtained from the 2-D inverse Laplace 
transform [17] of ),( 21 ssH . Also note that matrix S is any 
matrix greater than or equal to  
∞ ∞
0
21
0
21   |),(|  dtdttth . 
 
Proof : From the definition of ),( 21 tth , we have: 
 
  
  
∞
−
∞
−
	






=
0
21
0
2121
2211
 ),(      ),( dtedtetthssH tsts  
                                                                                      (12) 
 
Taking the absolute of both sides of (12) gives: 
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Since 1  || 11 ≤− tse  and 1  || 22 ≤− tse  for ( ) 221 , Dss ∈ , the 
following expression is obtained: 
 
 
∞ ∞
≤≤
0
21
0
2121       |),(|      |),(| SdtdttthssH  for 
( ) 221 , Dss ∈             (14) 
 
This completes the proof of Lemma 2. Note that BIBO 
stability condition [17] implies that matrix S exists and it can 
be directly computed from (11). 
We now present two robust stability conditions for 
system (4) to be VSHP based on the results presented in 
Lemmas 1&2. We assume that the bivariate characteristic 
polynomial of the nominal system (1) is VSHP and that matrix 
S exists. The results are given in Theorem 1 and Corollary 1. 
 
Theorem 1: Assume that the bivariate characteristic 
polynomial of the nominal system (1) is VSHP, then the 
bivariate characteristic polynomial ( )21 , ssC  is VSHP 
provided that the following inequality is satisfied: 
 
[ ]q SE<
1
ρ             (15) 
 
where matrix S is as defined in equation (11), 






=
2221
1211
EE
EE
E  and || AΔ  ≤  qE . 
 
Proof:  Condition (8) can be expressed as: 
 
[ ] =Δ−   ),(det 21 AssF  
)],(det[ 21 ssF ,0    ]),(det[ 21 ≠Δ−+ AssHI mn   for 
( ) 221 , Dss ∈              (16) 
 
where ),( 21 ssF  and ),( 21 ssH  are as defined in (7b) and 
(10), respectively. 
Since the bivariate characteristic polynomial of the 
nominal system (1) is assumed to be VSHP, 
0    )],(det[ 21 ≠ssF  for ( ) 221 , Dss ∈ . Therefore 
condition (16) reduces to: 
 
,0    ]),(det[ 21 ≠Δ−+ AssHI mn  for ( ) 221 , Dss ∈       (17) 
 
Using Lemma 1, condition (17) is satisfied provided that: 
 
[ ] 1    ),( 21 <ΔAssHρ   for  ( ) 221 , Dss ∈             (18) 
 
Using the properties of spectral radius and by considering the 
structure of the uncertainty as defined in (5), the following 
inequality can be obtained: 
 
[ ]AssH Δ),( 21ρ  ≤  [ ] ||  |),(| 21 AssH Δρ  ≤  
[ ]   |),(| 21 qEssHρ   for  ( ) 221 , Dss ∈             (19) 
 
Substituting the upper bound for ),( 21 ssH  (i.e. equation 
(11) of Lemma 2) into the right hand side of (19) gives: 
 
[ ]   |),(| 21 qEssHρ  ≤  ( )ρ qSE   for  ( ) 221 , Dss ∈  (20) 
Accordingly, provided that condition (15) in Theorem 1 is 
satisfied, condition (8) is satisfied and hence ( )21 , ssC  is 
VSHP. This completes the proof of Theorem 1. 
The following Corollary 1 provides stability bound for 
the case where the uncertainties are as described in (6). 
 
Corollary 1: The bivariate characteristic polynomial 
( )21 , ssC  is VSHP provided that the following inequality is 
satisfied: 
 
||||
1
    
S
<α             (21) 
 
where matrix S is as defined in equation (11) and 
|||| AΔ ≤ α . 
 
Proof: To prove the unstructured perturbations case, we 
use the following fact: For any ( )n n×  matrix M, then: 
)(Mρ ≤ ).(max Mσ  Accordingly, the following holds: 
{ 1)(max <Mσ } implies { 0)det( ≠− MIn }. 
Based on the above fact, the following inequality is 
obtained: 
 
[ ] ||  |),(| 21 AssH Δρ  ||||     Sα≤   for  ( ) 221 , Dss ∈  
Accordingly, provided that condition (21) of Corollary 1 is 
satisfied, then ( )21 , ssC  is VSHP.  This completes the proof 
of Corollary 1. 
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IV. NUMERICAL EXAMPLE 
 
Consider the following continuous Rosser model with system 
matrices: 
 
,
35.0
21
11 





−−
−−
=A  
 
,
1
5.0
12 





−
−
=A   
 
[ ]15.021 =A    
 
and  
 
222 −=A . 
 
Using the method proposed in [9] it can be shown that the 
bivariate characteristic polynomial of the above system VSHP. 
By using the method proposed in [17] an upper bound for 
matrix S can be computed as follows: 
 










=
853.0603.0426.0
080.1746.0695.0
213.0110.2316.2
    S . 
 
Accordingly, using the results of Theorem 1 and Corollary 1 in 
this paper, some bounds on the perturbations, which will 
ensure that the polynomial ( )21 , ssC  is VSHP are given 
below: 
(i) Unstructured perturbations: α   |||| ≤ΔA .  
Using (21) gives: .2894.0<α  
 
(ii) Structured perturbations: qEA    || <Δ .  
Using (15), some bounds for q are obtained as,  
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2187.0<q . 
 
 
V. CONCLUSION 
 
In this paper, by using the 2-D inverse Laplace Transform, 
new sufficient conditions for the bivariate characteristic 
polynomial of an uncertain matrix to be very strict Hurwitz 
have been derived. The approach involves the computation of 
the upper bound matrix S. The existence of S is based on the 
BIBO stability condition [17]. Two numerical examples have 
been given to illustrate the main results of the paper. 
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